Introduction
The demand for flat glass is high and increasing significantly. Since 2009 float glass production has increased by 5% per annum to meet this demand. The building industry has by far the largest share of this market, and accounts for around 80% of all the flat glass produced [1] . This increase is a direct result of the recent architectural requirements for additional lightness, transparency and natural light in new buildings, leading to an increased demand for larger glass panels. In addition, architectural trends increasingly require the use of glass in curvilinear forms to produce smooth free-form facades [2] . The processes available for producing curved glass can be divided in two categories based on whether heat is involved in the process.
Static mould bending and roller bending are the two most common techniques used to create curved glass and involve heating the glass above the transition temperature (550°C), so that it becomes viscous. In the static mould bending method (also known as sag bending), the desired curvature of the glass is obtained by allowing the heated flat plate to sag under its self-weight, onto a mould. However, different moulds are required for plates of different curvature therefore, this method is neither energy nor cost efficient. Furthermore, the optical quality of the curved glass plate is very sensitive to imperfections in the mould. An alternative technique that also requires the glass to be heated above its transition temperature is roller bending which can be performed either horizontally or by vertical toughening bending. The former is performed in a horizontal bending toughener during the toughening process of glass; wherein adjustable tilting rollers are used to form the desired shape of the heated glass plate. The glass is then submitted to jets of cold air to create the favourable residual stress profile of toughened glass. On the other hand, in vertical toughening bending, the glass is lowered into the furnace in a vertical position and is pressed onto the mould before being toughened. Roller bending methods therefore have adjustable and re-usable ''moulds", but the optical quality of the glass plate is affected by the straightness of the rollers, their position relative to one another and more commonly by roller wave distortion.
The optical quality of glass can be assessed qualitatively with the use of a zebra board plate (consisting of black and white stripes). The waviness of the reflected image on the surface of the glass plate is used to assess whether the level of distortion is acceptable. However, this method is subjective as it relies on the experience of the inspector. More recent quantitative methods include: (i) in-contact with the glass gauges (flat bottom or 3-waycontact gauge) that are conveyed along the direction of the distortion while measuring peak to valley height [3, 4] ; (ii) non-contact distortion measuring systems involving the use of computer vision and high-resolution cameras [5] . Recommendations such as those set in EN 12150-1:2000 [3] are often used to determine whether the optical quality of the curved plate is acceptable. These limit the amplitude of the roller wave distortion in fully toughened glass to 0.5 mm over a length of 300 mm [5] . It is currently, possible to manufacture toughened glass with significantly smaller roller wave distortion amplitudes. In fact, a limit of 0.25 mm is often prescribed for high-end applications. More information on these thermal bending methods can be found in [6] [7] [8] [9] [10] [11] .
Cold bending is an alternative, and relatively recent, technique of creating curved glass plates. During this process, the curvature is induced elastically at ambient conditions with a relatively small amount of equipment, thereby, making the process energy efficient and also allowing the bending to be executed on site. Cold bent glass can be used to generate either single or doubly curved forms. Single curvature/developable glass surfaces are easier to form, but they are not as popular in architectural design as doubly curved glass provide a much larger architectural freedom and can be used to create smooth, free form, transparent facades. The glass panels of various curvatures that are required in this kind of applications can be cold bent in shape without any requirement for moulds, therefore, minimising their cost and making cold bending an attractive method of creating curved glass surfaces.
Cold bending involves the application of out-of-plane loads on the glass surface to create the desired shape of the glass plate, the plate is then restrained in its curved state by means of mechanical fixings or structural adhesives. The glass is therefore subjected to permanent bending stresses throughout its service life. Cold lamination bending [12, 13] is another recent technique used to restrain the curved glass plate during the cold bending of laminated glass and involves: (i) bending the un-bonded unit of glass plates and interlayer(s) in the desired shape and; (ii) laminating the un-bonded bent unit in an autoclave. In this case, the interlayer preserves the shape of the glass in place though partially, since initial springback is expected when the restraints are removed after the lamination [12, 13] .
The relatively low strength of annealed glass makes it inappropriate for cold bending applications, as the radius of curvature that can safely be introduced in an annealed glass plate is generally too large to produce significant curvature in the glass plate. Therefore, toughened glass in the form of heat treated (heat strengthened or fully toughened) or chemically toughened glass is often used in such applications. The maximum curvature that can be achieved in cold bent glass has thus far been limited by the maximum surface stresses, generated during the cold bending process (r cb ), that can be safely be resisted by the toughened glass panel throughout its service life:
is the design strength of toughened glass [14] [15] [16] , which is the sum total of the design strength of annealed glass, r app Á c f ;app is the maximum design stress on the surface of the glass induced by loads imposed on the glass during its service life and; c f, cb is an appropriate safety factor to account for variability during the cold bending process. Recent research [17] has also shown that there is a significant additional contribution to strength in heat treated glass attributable to crack healing, f Heal , therefore, Eq. (1) becomes:
There is a growing interest in cold bent glass [18] [19] [20] [21] [22] [23] and cold bent glass has already been used in real world applications [24] [25] [26] [27] . Two of the most notable examples of completed projects is the 125 m long glass shell of the Strasbourg TGV train station consisting of 6 mm heat-strengthened laminated plates and the glass roof of the Victoria and Albert museum in London that covers an area of 370 m 2 and consists of cold bent insulated glass units that are point fixed. Yet, to-date no guideline is available for its manufacture/design process. Cold bending of glass may be an efficient method for creating curved glass surfaces, but the limited research conducted on cold bent monolithic glass plates to-date indicates that it can result in geometric instabilities [28] [29] [30] . Staaks and Eekhout [28, 29] reported that the free edges of the glass plate change their shape from straight to curved during the cold bending process. Their bending process involved forcing two corners of the plate out-ofplane while the other two were point fixed (Fig. 1a) , thereby creating a hyper surface. In particular, two deformation modes were reported. In the first deformation mode, both diagonals were curved and the edges preserved their initial straightness (Fig. 1b) . However, when the out-of-plane displacement at the two corners exceeded 16 times the thickness of the plate, a change in the deformation mode was observed [29] ; the plate buckled as one diagonal straightens and the edges become curved (Fig. 1c) . This phenomenon is noteworthy because curved edges could result in difficulties when fixing the plate to the frame and/or aligning the edges of adjacent glass plates.
A simplified analytical model was also proposed by Eekhout and Staaks [28, 29] to predict this buckling instability. The plate was considered as a system of two diagonal strips spanning between the corners of the plate and intersecting at the centre of the plate, and four rods, one along each of the four edges of the plate. By forcing two corners out of plane, bending increases in the diagonals while the rods connecting the corners are stretched creating an additional axial compression in the diagonals. A change in the deformation mode (instability) occurs when the critical Euler buckling stress is exceeded in one diagonal. However, Eekhout and Staaks were unable to obtain good agreement between their simplified analytical model and their numerical results.
This change of curvature has also been described by Galuppi et al. [30] as snap-through buckling. Snap-through buckling, in the case of a plate, is a sudden change of deformation in the direction of the load in the central regions of the plate. Their analytical and numerical investigations involved a plate loaded at its four corners; downward loading (negative z, Fig. 2a ) was applied at two diagonally opposite corners and upward (positive z, Fig. 2a) at the other two. Their results show that the hyperbolic paraboloid form of the deformed plate changes abruptly and its axes of symmetry are reduced from two to one. This occurs as one of the diagonals straightens while the curvature of the other continues to increase and the edges display significant curvature. An analytical model [30, 31] , validated by finite element modelling, was proposed by the same authors using a combination of Mansfield's inextensional plate theory and beam theory to account for the double cylindrical shape of the plate. However, the surface quality resulting from the cold bending process is not quantified or investigated, their analytical results have yet to be validated experimentally, and the influence of different boundary conditions have not been investigated.
Apart from energy and cost related benefits, it is thought that cold bending does not affect the optical quality of the glass from its flat state because, unlike thermal bending, viscous flow is not required. However, it was recently reported that optical distortions [32] and unwanted reflections [33] could appear during the bending process thereby bringing into question the optical quality of cold bent glass plates. This geometric instability and the resulting surface quality in monolithic glass plates seem to be overlooked in the limited number of experimental studies on cold bent glass todate, which have thus far focused on the state of stress of the interlayer in cold bent laminated glass [34, 35] .
The current study aims to investigate the mechanical response of point-supported, monolithic glass plates that are cold bent into an anticlastic shape, developing the fundamental understanding of monolithic cold bent glass that will eventually also provide the base for future research on the more complicated subject of cold bent laminated glass. The objective is to verify the presence of instabilities during the cold bending process that may lead to permanent optical distortions. Three different cases of boundary conditions (at the supported corners of the plate) are tested experimentally and modelled numerically. Details of these methods and their results are provided in Sections 2 and 3, respectively. A further interpretation of the results follows in Section 4 that infers the response of the plate during the bending. Furthermore, the validated numerical model is modified in Section 4 to investigate the influence of geometrical characteristics of the plate; orientation of the plate and; load locations during the cold bending process. Finally, an optical quality assessment procedure is proposed in Appendix A to aid designers/manufacturers in achieving cold bent glass with an acceptable optical quality.
Method
Numerical modelling and experimental testing were undertaken to investigate the stability of monolithic glass plates during the cold bending process.
Experimental investigation
Cold bending tests were conducted to produce anticlastic shapes frequently required in free form façades. Anticlastic shapes can be achieved imposing out-of-plane forces along the four edges of the plate. The forces may be placed in a variety of locations e.g. continuously along the edges, at intermediate district locations, etc. The simplest configuration was adopted in this study wherein two corners of the plate (B and D, Fig. 2a ) were restrained locally while the remaining two corners (A and C) were subjected to vertical (out-of-plane) loads that were applied incrementally by means of hydraulic jacks (Fig. 2b) actuated by a single manuallyoperated hydraulic pump. The load was applied at a rate of 1.5-2.5 N/s. However, the geometric response of the monolithic plate is not deemed to be sensitive to the loading rate. Loading was applied up to fracture of the glass plate in order to capture the full extent of the geometric instabilities. The glass plate consisted of 1000 Â 1000 Â 5 mm thick fully toughened glass and no roller wave distortion was detected on the surface of the specimens. The edges were polished prior to toughening in order to reduce the possibility of premature failure from edge flaws.
The following three sets of alternative boundary conditions were used at the locally supported corners B and D (Fig. 3a-c) : clamped supports (CS); pin supports (PS) and; roller supports (RS). Table 1 provides an overview of the restrained degrees of freedom for each case. Translational restraints were achieved for Cases CS and PS by clamping the glass between two steel plates with a contact area of 37.5 by 37.5 mm (Fig. 3a) . Additionally, in case PS, rotational freedom was provided by an articulated joint in the clamping system (Fig. 3b) . Finally, in Case RS, corners B and D were simply supported on spherical supports that were in turn attached to a sliding bearing, thereby allowing rotation and in-plane translation (Fig. 3c) ; even though the translation in the +Z direction of corners B and D was not restrained mechanically, lifting of the plate from the spherical supports is not an issue in this instance because the reaction forces are not expected to change sign during the testing. Prior to testing, the residual stress profile through the thickness of the fully toughened glass was obtained by means of a scattered light polariscope (SCALP-05, GlasStress Ltd. [36] ). Three spot readings were taken on each glass plate, coinciding with the location of the strain gauges that were subsequently attached to the top and bottom surface of the glass plate (Fig. 2a) . The mean residual compressive surface stress recorded was r RES = 85 ± 6 MPa. Three nominally identical glass plates were tested per case of boundary conditions to ensure repeatability of the results. The mean failure load (mean failure corner displacement) recorded at the end of the testing was: (a) 586 ± 37 N/(84 ± 8 mm) for Case CS; (b) 645 ± 11 N/(119 ± 1 mm) for Case PS and; (c) 701 ± 19 N/(135 ± 2 mm) for Case RS.
Displacements and surface stresses were obtained from LVDT displacement transducers and rosette strain gauges, respectively (Fig. 2a) . The vertical (out-of-plane) profile of the support axis was acquired by a custom-made surface profilometer that comprised a horizontal wire gauge and a vertical LVDT displacement transducer, to measure the in-plane location, l x,y , and out of plane deflection, d z , respectively. The surface profilometer was deployed along the support axis at 100 N load intervals.
Numerical investigation
Numerical models of the experimental set-ups were constructed within Abaqus/CAE 6.12-2, using a static Riks analysis [37] in order to capture any geometric instability that may occur during the cold bending process. The Riks method is an incremental analysis used in non-linear problems. In this method the applied displacements and corresponding deflections are unknowns for each increment and the progress of the solution is evaluated using the arc-length. The initial arc length, Dl in , (set to 0.01), which specifies the percentage of the total displacement that is applied on the first increment of the analysis, and the total arc length, l period , (set to 1.0) provide the initial displacement proportionality factor, (Dk in = Dl in /l period ) that determines the first increment of the analysis. Consequently, the procedure consists of a prediction and a corrective phase for each increment. In the prediction phase a suitable starting point is computed for each increment based on the tangential stiffness derived from the previous converged point on the load-deflection path and the distance along the tangent path that is specified by the arc length; the iterative process of the corrective phase follows afterwards to minimise/ eliminate the drift error that is produced by the prediction phase until the solution converges to the equilibrium path. This procedure is automatically implemented in Abaqus with an integrated algorithm. The analysis was set to stop when the displacement at the loaded corners exceeded 100 mm. The self-weight of the plate was modelled as a gravity load, applied prior to the forced displacements at the loaded corners.
The element type and mesh density were selected on the basis of displacement and stress convergence tests in order to provide a good balance between accuracy and computational time. The model consists of twenty-node, quadratic, brick elements with reduced integration properties to prevent shear locking. The glass plate is modelled as 2 elements thick, 80 elements wide and 80 elements long, giving a total of 12,800 elements (Fig. 4) . To simulate the boundary conditions that were tested experimentally, the degrees of freedom indicated in Table 1 were restrained accordingly at the 18 solid elements (9 on each layer through the thickness of the plate) within the contact area of the supports. In particular, all of the top and bottom surface nodes of the 18 elements within the 37.5 Â 37.5 mm contact areas of the supports were restrained for Case CS and PS. Contrary, only the bottom surface nodes of the central element (12.5 Â 12.5 mm) of the contact area (37.5 Â 37.5 mm) of the support were restrained for Case RS, simulating the area over the sphere of the spherical support that was restrained from displacing vertically in the experimental setup. Forced displacements up to 100 mm were applied at the two load points.
Further numerical analyses beyond the experimental set-ups (Table 2a and b) were performed by modifying the validated numerical model in order to: (i) quantify the influence of geometrical characteristics, orientation of the plate and load locations on the optical quality of the glass plate and; (ii) propose a brief optical quality evaluation procedure.
Experimental and numerical results and observations
The salient results and observations contain the effect of boundary conditions on the load-displacement response and on the final curved shape of the plate; the validation of numerical results; changes in relative stiffness; local changes in curvature; and surface stress-deflection-load results. These are described inturn in this section.
The variation of deflection at the centre of the plate (point E, Fig. 2a) , d E,z , versus the load, P, applied on each of the free corners is shown in Fig. 5a . Each case of boundary conditions produced different initial central deflections caused by the self-weight of the glass plate and the influence of the specific boundary conditions. Fig. 5a also reveals that the boundary conditions have a significant effect on the response of the plate during the bending process. When in-plane displacement is unrestrained at the supported corners (Case RS), the load, P, vs. centre deflection, d E,z , relationship is almost linear throughout, but when it is restrained the initial linear relationship between load and centre deflection is followed by an end of the proportionality (P = 110 N for Case CS and P = 130 N for Case PS). When this load is exceeded, the centre of the plate remains approximately stationary until the applied load reaches a value of 150 N for both cases (Fig. 5b) . As the load increases further, the deflection of the centre of the plate decreases gradually towards its unloaded position. Furthermore, case CS has a stiffer response compared to the other cases of boundary conditions (Fig. 5c) . It was also observed that the final curved shape of the plate is a function of the boundary conditions (Fig. 6a-d) . The surface geometry acquired during the cold bending process is doubly curved. Double curvature, involves bending about two axes and could be either synclastic or anticlastic. In synclastic surfaces (e.g. paraboloid geometry), the principal curvatures are of the same sign i.e. both centres of principal curvatures are located on the same side of the surface. Whereas in anticlastic surfaces (e.g. hyperparaboloid geometry) the centres of principal curvatures are on alternate sides of the surface. The curvature for Case RS was anticlastic throughout the experiment (Fig. 7e and f) . This was also observed in the early stages of the bending for the other two cases (Cases CS and PS), however, the anticlastic curvature is disrupted in Cases CS and PS when the applied load, P, at each corner exceeds approximately 250 N (Fig. 7a-d) . Some asymmetries are evident in Fig. 7 which can be attributed to minor deviations from symmetry in the initial experimental set-up and are therefore, considered negligible.
The numerical results ( Fig. 5a and b) show adequate agreement with the experimental data. Differences appear when the numerical model fails to accurately predict: (a) the post-buckling behaviour of the plate for Case CS, where the numerical model shows a stiffer response and; (b) the load at which the maximum deflection of the centre of the plate occurs for Case PS. These deviations between experimental and numerical results can be attributed to small imperfections in the experimental set-up. Indeed, it was found that minor misalignments in the boundary conditions during iterations of experimental testing resulted in slightly different experimental results but the overall load-displacement responses remained largely unchanged.
A change in the deformation mode was also observed for all three cases of boundary conditions as the curvature of one diagonal increases while the curvature of the other decreases or remains almost unchanged throughout the bending process. In particular for: (a) Case CS and PS: a reduction in the curvature of the support axis occurs after 150 N while the curvature in the load axis continues to increase. The support axis experiences a reduction in absolute values of deflection increments, between subsequent load steps ( Fig. 7a and c) whereas the deflection increments of the load axis are almost constant throughout the testing (Fig. 7b and d) . This indicates that, the support axis becomes stiffer as the load increases and consequently, substantial deflection is confined to the load axis ( Fig. 7b and d) ; (b) Case RS: an increase in the curvature of the support axis occurs during the bending process while the curvature of the load axis remains almost constant and relatively small (Fig. 7e and f) . This suggests that the load axis is stiffer in this case.
Perhaps even more significantly, a change of sign of curvature was observed along the central third of the length of the support axis for Case CS and PS as the load increases beyond 200 N at each corner; the anticlastic curvature is converted to synclastic locally so that the support axis takes the shape of a two-trough ripple ( Fig. 7a and c) . At this load, the curvature of the central regions of the plate becomes synclastic. This ripple observed in cold bent glass is henceforth referred to as cold bending distortion and can have an undesirable effect on the optical quality of the curved glass similar to roller wave distortion in fully toughened glass. Qualitative images showing the optical distortion on the surface of the glass were captured during the experimental testing. This was achieved by means of a ''zebra" board and the use of black spray paint on the bottom surface of the glass to maximise the clarity of the reflected image on the surface of the glass and to create a mirror-like effect. Fig. 8a shows the reflection of the black and white stripes and the edge of the zebra board that reveal the cold bending distortion on the cold bent glass plate. Fig. 8b shows the phenomenon resulting from the numerical model.
Stress and deflection data are used in the following 4 load ranges to describe the mechanical response with increasing load of a cold bent glass plate for Case CS. Principal strain data obtained from strain gauges showed that the directions of the principal strains are aligned to the support and the load axes. In particular, the angle between the support axis and the direction of the maximum principal stresses, h, is relatively small and ranges between À4.3°and 1.6°during the testing for all the top and bottom stresses of points E and S 1 (Fig. 2a) , making the in-plane shear strain between the two axes negligible. Therefore, the strain and stress data that are used below refer to the direct principal values in the direction of the support axis.
(1) 0-110 N: During the initial stages of the bending process, the central regions of the plate displace away from the initial flat position creating an anticlastic shape, until the applied load reaches 110 N (Fig. 5b) . Strain gauge data and corresponding stresses, at the top surface of the plate along the direction of the support axis BD (Fig. 2a) , r sd , show that up to this load, in-plane compressive stresses are present along its length (Fig. 9a) . (2) 110-150 N: When the load exceeds 110 N the central regions of the plate cease to deflect vertically and remain relatively stationary up to a load of 150 N (Fig. 5b) . This is accompanied by a corresponding reduction in the top surface compressive stresses at the centre of the plate (Fig. 9b and c) , whereas the top surface compression in the outer third regions (point S 1 and S 2 , Fig. 2a ) of the support axis (Fig. 9d) continues to increase.
(3) 150-250 N: As the load increases beyond 150 N, a change in the deformation mode occurs; the load axis continues to acquire more curvature, while the curvature of the support axis diminishes (Fig. 7a and b) . Within this load range, the centre of the plate starts to deflect back towards its unloaded position (Fig. 5b ). This coincides with the accumulation of top surface tensile stresses in the central regions of the plate, r sd,E , (Fig. 9a-c) . However, even after this change in the deformation mode, top surface compressive stresses still dominate the outer third parts of the support axis (points S 1 and S 2 from Fig. 2a ) (Fig. 9a and d) . The maximum value of compression (7 MPa) at S 1 and S 2 is reached at the load of 250 N (Fig. 9d ). (4) above 250 N: At 250 N, the top surface compressive stresses along the support axis start to decrease, as seen at points S 1 and S 2 (Fig. 9d) . At this load a gradual change of the double curvature of the plate from synclastic to anticlastic occurs in the central regions of the plate. This leads to the appearance of the cold bending distortion that manifests itself as a sinusoidal deformation along the support axis BD (Fig. 7a and b) . (Fig. 2a) , r sd,S1 , vs. the applied load.
The amplitude of the cold bending distortion, A dist , i.e. the height difference between its highest and lowest point (peak to trough), continues to increase with increasing load until the end of the test at 600 N (Fig. 10a) . The same applies to the curvature of the edges, j edge , of the plate (BA, BC, DA and DC, Fig. 2a) .
A response similar to that described above was observed for Case PS. However, for Case RS, neither cold bending distortion nor the corresponding tensile stresses on the top surface of the support axis were observed. The top surface stresses in the central regions of the RS plate therefore remained in compression throughout the cold bending process (Fig. 9b) .
Discussion

Interpretation of the mechanical response of the plate
Two phenomena of interest were observed during the cold bending process: (a) a change in the deformation mode and; (b) the cold bending distortion. The cold bending distortion was only apparent in Cases CS and PS. The response for Case CS can be interpreted as follows:
The development of surface tensile strains in the central regions of the plate (150-250 N, Fig. 9b ) leads to an increase in the flexural stiffness of the central parts of the support axis. Therefore, significant deflections are confined to the load axis AC while the support axis starts to decrease in curvature (change in the deformation mode, Fig. 7a and b) .
Strain profiles at points S 1 and E (Fig. 11a and b) , reveal that membrane effects are significant along the support axis while the load axis is predominantly subjected to bending effects. The axial force that is developed at points S 1 and E during the testing can be determined from the membrane strains at these points (Fig. 12) . The results show that the axial compression initially increases for both points S 1 and E until a load of 100 N. Above this load the axial force decreases at point E and is finally transformed to axial tension (180 N) while the axial compression continues to increase at S 1 . Eventually, the axial compressive stress at point S 1 reaches a critical value of 25 N/mm at a load of 250 N (Fig. 12) , and eventually leads to a local instability (local buckling) and the corresponding gradual change of the double curvature from anticlastic to synclastic in the central regions of the plate (cold bending distortion, Fig. 7a ). The sharp peak of axial tension that is developed at point E (Fig. 12) at the load of 250 N is a manifestation of this instability. The difference in Case RS is that the supported corners of the plate (B and D) are free to displace in-plane. The absence of inplane reaction forces allows the support axis to acquire significantly smaller radii of curvature than those of the previous cases (CS and PS) (Fig. 7a, c , and e). As the load increases, the curvature of the support axis increases while the load axis retains a constant curvature (change in the deformation mode). The cold bending distortion is not triggered in Case RS when the load is applied in the same direction as the self-weight. However, as shown in Section 4.2.2, the cold bending distortion in Case RS is sensitive to the direction of the load with respect to initial imperfections. Therefore, the cold bending distortion can be attributed to the forcing of the plate into a non-developable surface generated by the plate geometry, the boundary conditions and out-of-plane loads.
The numerical and experimental results showing the progress of the cold bending distortion during the bending process for Case CS and PS are summarised in Table 3 . The cold bending distortion initially occurs when the applied load P exceeds 200 N at each of the two free corners. At this load, the maximum tensile stress, r t,-max , on the surface of the glass plate, is 54.9 MPa and 55.6 MPa for Case CS and PS, respectively. This is significantly lower than the design strength of fully toughened glass which can be approximately estimated using part of Eq. (1) as follows:
where r RES is derived from the SCALP measurements.
Therefore, in both cases the cold bending distortion precedes the fracture of the glass plate and potentially exceeds a serviceability limit due to the optical distortions occurring in the curved plate. The amplitude of the cold bending distortion, A dist , can indicate whether distortions are visually acceptable or not. European standard limits the amplitude of roller wave distortion in fully toughened glass to no more than 0.5 mm [3] . This limit is exceeded during the cold bending process at an applied load of: P = 420 N (experimental and numerical data) for Case PS and; P = 480 N (numerical data) and P = 600 N (experimental data) for Case CS (Fig. 10a) .
Overall, the experimental and numerical results support Galuppi's [30, 31] and Staaks's [28, 29] observation that one diagonal straightens during the bending while the other becomes more curved (Fig. 7a-f) . However, this change in the deformation mode occurred gradually with increasing load and no general limit point buckling (snap-through instability), such as that suggested by Galuppi [30] was observed in these cases (Fig. 5b) .
It is however, shown (see Section 4.2) that snap-through buckling could be triggered under a specific case of boundary and loading conditions. Additionally, the increase in the curvature of the edges, j edge , (BA, BC, DA and DC, Fig. 2a ) also occurred gradually without any sudden change in shape (Fig. 10b) .
Parametric analysis
The onset of the cold bending distortion is expected to be a function of the geometrical characteristics, the orientation of the plate and the load locations during the bending process. These parameters were investigated by modifying the numerical model to suit (Table 2 ) and the results are discussed in-turn.
Geometrical characteristics of the plate
Further numerical simulations were performed to investigate the influence of the initial geometry of the glass plate (thickness, edge length and aspect ratio) on the development of the cold bending distortion. Forced displacements up to 200 mm were applied at the two free corners of the plate for Case CS.
The results show that the cold bending distortion occurs at a smaller values of applied displacement during the cold bending process for thinner plates (Fig. 13a) . However, cold bending of thicker glass plates leads to larger values of maximum distortion amplitude. The recommended limit for roller wave distortion (0.5 mm) is exceeded when the thickness of the glass plate P 4 mm. This may compromise the optical quality of the cold bent plate.
Square plates with different edge length and a thickness of 5 mm were also investigated. This was done by varying the length ratio, which is the ratio of the edge length of the tested plate, L p , over the edge length of the reference plate,
. Numerical results showed that the cold bending of plates with larger length ratio, LR, produces smaller values of amplitude of cold bending distortion for the same applied displacement at the free corners (Fig. 13b) . The maximum distortion amplitude for plates with an edge length P 2000 mm and a thickness of 5 mm does not exceed the limit of roller wave distortion (0.5 mm) up to an applied corner displacement of 200 mm.
The change in the deformation mode was also found to be a function of the aspect ratio, AR, of the plate (Fig. 14a) . It was found that square plates required the smallest magnitude of forced displacement at the free corners, d dist , to trigger cold bending distortion (Fig. 14b) , and exhibited the smallest distortion amplitude among the aspect ratios investigated (0.5 6 AR 6 2.00). 
Cold bending orientation and load locations
Possible influences of plate orientation with respect to gravity and load locations were also investigated numerically. In particular, the orientation of the plate was considered pertinent as it changes the influence of the self-weight on the cold bending distortion. The plate was modelled for Case CS and RS: (a) horizontally (Hor), with the corner displacement applied in the same direction as the self-weight (this is identical to the experimental and numerical models described in this paper in Sections 2 and 3); (b) horizontally (Hor-reverse), with the corner displacement applied in the opposite direction to the selfweight and; (c) vertically (Ver), so that the self-weight acts in the plane of the glass plate and its influence can be considered negligible.
The results show that initial deflections in the plate's flatness caused by the self-weight have an important influence in the mechanical response of the plate. In Hor and Ver testing, no snap-through buckling occurs (Fig. 7a,b and e,f and 15a,b and c,  d ). However, in Hor reverse testing the plate exhibits a change of sign of curvature in both the load and the support axis (Fig. 15e,f  and g,h) . This is observed at a load of 63 N and a corner displacement of 10 mm for Case CS, while for Case RS the load and corner displacement are 78 N and 15 mm, respectively. Fig. 16a and b shows the deformed plate shape before and after the snapthrough instability for Case RS. Therefore, snap-though instability is triggered when the out-of-plane loads are applied in a direction opposite to the initial out-of-plane deflection induced by selfweight (or other surface imperfections) of the plate. Overall, one of two possible configurations occur during the initial stages of the cold bending process, shown in Figs. 7e and f/15e and f for Case RS and Figs. 7a and b/15g and h for Case CS. The resulting configuration is based on the direction of the external cold bending loads with respect to gravity; when the self-weight acts in the same direction as the external loads, the configuration that is initially formed as a result of the self-weight alone, is maintained when the external loads are applied and global instabilities are prevented (Fig. 7a,b and e,f) ; however, snap-through instability occurs when the self-weight and the external loads act in opposite directions as the plate changes suddenly from one configuration to the other (Fig. 15e,f and g,h) . In both cases where snap-through instability is noticed, increasing the applied corner displacement further, eventually leads to cold bending distortion (Fig. 16c ) (CS and RS). Table 4 summarises both phenomena (snap-through instability and cold bending distortion) for the different plate orientations of Case CS and RS. It is clear that cold bending distortion always follows snap through buckling, but that snap-through buckling is not always a precursor of cold bending distortion. Finally, Fig. 17 shows that snap-through buckling has a negligible effect on the amplitude of the cold bending distortion.
The influence of the number of the load points, LP, was also investigated numerically for Case CS. An increase in the plate's stiffness is observed when the number of load points, LP, is decreased to 1 and the number of supported corners is simultaneously increased to 3. The onset of the cold bending distortion occurs at larger applied displacement values during the bending process (50 mm of applied displacement in comparison to 30 mm) while the value of the distortion amplitude is significantly reduced and is, in this instance, below the recommended limit for roller wave distortion (Fig. 18 ).
Conclusions
The aim of this study was to investigate and characterise the mechanical response of monolithic glass plates when subjected to cold bending into an anticlastic shape. Numerical modelling validated by experimental testing revealed that two phenomena of interest, a change in the deformation mode and the cold bending distortion, may occur during the cold bending process.
The change in the deformation mode appears as the curvature of one diagonal continues to increase while, depending on the choice of boundary conditions, the curvature of the other diagonal decreases or remains constant. When in-plane displacement is restrained at the supported corners (Case CS & PS), the support axis becomes progressively stiffer during the change in the deformation mode, due to the membrane action mobilised by the boundary conditions at the supported corners. Therefore, significant deflections are confined to the load axis. This phenomenon occurs at an even earlier stage during the cold bending process if rotation is also restrained at the supported corners. However, when in-plane displacement is unconstrained (Case RS), the stiffness of the load axis increases and does not show a significant increase in curvature compared to the support axis.
Global instabilities (snap-through buckling) were only observed when the out-of-plane loads on the two free corners were applied in a direction opposite to the initial out-of-plane deflection induced by self-weight (or other surface imperfections) of the plate. This phenomenon appeared in the early stages of the cold bending process as an abrupt change of the direction of curvature in both diagonals and can be considered as a particular case of this change in the deformation mode.
The second phenomenon of interest during the cold bending process is the occurrence of a local instability (buckling). As the applied displacement at the loaded corners increases beyond the change in the deformation mode in Case CS and PS, a sinusoidal ripple, termed cold bending distortion, appears along the length of the support axis. This phenomenon followed in all the cases where snap-through instability had occurred i.e. even when in-plane displacement was allowed at the supported corners (Case RS). Therefore, the cold bending distortion is a function of boundary conditions and preceding global instabilities that are influenced by the combination of the self-weight and the direction of the applied load. This ripple can have a detrimental effect on the aesthetic quality of the curved plate as it may cause unwanted optical distortions, thereby triggering a serviceability limit state failure of cold bent glass.
The amplitude of the cold bending distortion can be used to evaluate the optical quality of the curved glass plate as recommended in EN 12150-1:2000 [3] . The parametric analysis performed in this study, revealed that the amplitude of the cold bending distortion is very sensitive to the choice of boundary conditions, geometrical characteristics of the plate and load locations. Larger distortion amplitudes were found in plates with pin supports (Case PS), larger thickness or larger aspect ratio.
All of the above parameters should be taken into account during the design of cold bent glass plates in order to avoid snap-though instabilities and to ensure the optical quality of the curved plate. An optical quality evaluation procedure is proposed in Appendix A for the cold bending of glass plates in a horizontal position, with two clamped corner supports (Case CS) and loaded at the 18 . Influence of the number of load points on the amplitude of the cold bending distortion.
Table 4
Snap-through instability and cold bending distortion for different plate orientations for Case CS and RS (U for occurrence, ✗ for absence). remaining two free corners in the direction of the self-weight to avoid snap-through instabilities. This evaluation procedure can be used to determine the applied displacement at which cold bending distortion occurs and to quantify its amplitude, thereby providing a measure of the optical quality of the cold bent glass plate.
Further research could include the use of thin plate theory as a third means of validating the experimental and numerical results performed in this study. Finally, safety reasons, often dictate that monolithic glass should not be used for structural applications. Therefore, future investigations should also include cold bent laminated glass, where the polymer interlayer between the two glass plates is expected to influence the mechanical response during cold bending as a function of temperature and strain-rate.
LR for square plates or the aspect ratio, AR, for rectangular plates.
(2) Define the desired cold bending characteristics i.e. the curvature, j, and consequently the forced displacement, d AC,z , that is to be applied at the two free corners of the plate to produce the desired curvature. These would typically be determined from a finite element analysis of the plate on a caseby-case basis or from simple geometrical calculations based on the desired radius of curvature; (3) Determine the applied displacement that triggers the onset of the cold bending distortion, d dist (Fig. A2 ). (a) (b) Fig. A2 . Applied displacement at the onset of the cold bending distortion for plates of different thickness and: (a) aspect ratio AR and; (b) length ratio LR (numerical data).
